By means of a generalization of the Fe erman-de la Llave decomposition we derive a general lower bound on the interaction energy of one-dimensional quantum systems. We apply this result to a speci c class of lowest Landau band wave functions.
is the density of . This inequality is very useful for many electron systems, e.g. large atoms, where the \exchange term" R 4=3 really captures the correct order of magnitude.
However, for states describing particles in strong magnetic elds, R 4=3 is generally much too large, and (1), although valid for all , is not very useful in this case.
In the presence of a strong, homogeneous magnetic eld, the particles are con ned to the lowest Landau band, which determines their motion perpendicular to the magnetic eld and makes them behave essentially like a one-dimensional system. Therefore we study the one-dimensional analogue of (1) for arbitrary convex interaction potentials. For short, we shall call the indirect part of the interaction energy the \exchange energy"; it is de ned by In the following, we derive a general lower bound to Ex . Our method follows closely the proof of the Lieb-Oxford inequality given in S95]. The following Lemma replaces the Fe erman-de la Llave decomposition of the Coulomb potential. We will then apply this general bound to special potentials of interest in the study of systems in magnetic elds.
1. LEMMA (Decomposition of V ). Let V : R + ! R be twice continuously di erentiable, with lim x!1 V (x) = lim x!1 xV 0 (x) = 0. Then
where r (x) = (r ? jxj).
Proof. A simple computation, using partial integration and the fact that r r (x) = maxf0; 2r ? xg.
Although stated only for di erentiable potentials, Lemma 1 holds more generally if the derivatives are interpreted in the sense of distributions. In particular, if V is convex and tends to zero at in nity, V 00 de nes a Borel measure and (3) holds. Note also that (3) implies that a convex V is positive de nite.
We now consider N-particle wave functions 2 L 2 (R N ; d N x). A vector in R N will be denoted by (x 1 ; : : : ; x N ). Corresponding to its density is de ned as 
We remark that the bound on the exchange energy given in Theorem 3 is indeed nearly optimal for large B= 2 . Namely, if we take for the Slater determinant of ' i , 1 i N, with ' 1 (x) = (2R) ?1=2 (R?jxj) and ' i (x) = ' 1 (x+2R(i?1)) for some R > 0, the exchange energy is easily calculated to be (27) which is precisely of the order N ln B 1=2 = ] for B 2 . The same holds for the bosonic case, i.e., for the totally symmetric product of the ' i 's.
We now apply our results to a model described by the Hamiltonian 
as long as h jH m i 0. Note that B 2 is equivalent to B Z 2 N ?4=3 m ?1=3 .
Our method of estimating the exchange energy also applies to the three-dimensional Coulomb interaction case, if we restrict ourselves to considering wave functions that are the total antisymmetrization of tensor products of functions of the form 
for this system. The result in (43) agrees excellently with the expected order of magnitude of the exchange energy of wave functions close to the ground state of large atoms in strong magnetic elds ( LSY94a] ; see also HS00], Remark 6.1). Although our considerations neglect correlations between particles with di erent angular momentum, we strongly conjecture that their contribution is of the same or of lower order, so it can be expected that (43) gives the correct order of the exchange energy in the ground state. The bound (43) in particular applies to all Slater determinants of angular momentum eigenfunctions in the lowest Landau band.
Note that since in the lowest Landau band the density orthogonal to the magnetic eld is bounded by B=2 , the quantity ( P m R 3 m =N) 1=2 is of the order of 3D =B, where 3D is the mean three-dimensional density. Therefore the result stated above is in total agreement with investigations on the homogeneous electron gas in a strong magnetic eld DG71, FGPY92] , where an exchange energy of the order NB ?1 3D ln B 3=2 = 3D ] was obtained.
